The purpose of this paper is to examine the relationship between harmonic measure and n -1 dimensional Hausdorff measure for a class of domains in R n with irregular boundaries. It is shown for these domains that harmonic measure and Hausdorff measure have the same null sets.
This investigation was motivated in part by the work of Hunt and Wheeden, [5] , [6] . In these papers they consider Lipschitz domains, that is, domains whose boundaries are locally representable by graphs of Lipschitz functions. One of their main results is that a positive harmonic function defined on a Lipschitz domain has a nontangential limit at all points of the boundary except possibly those that belong to a set of harmonic measure zero. In the classical case where the domain is taken to be the half-space of R n , the nontangential limit is known to exist at H 71 ' 1 almost every point of the boundary, c.f., [2] , [3] . We will show that for domains Ω satisfying a geometric measure theoretic condition, H n~ι (restricted to the boundary of Ω) and harmonic measure have the same null sets. Therefore, for these domains, the results of Hunt and Wheeden will represent a generalization of the classical case.
By use of the conformal mapping theorem it is not difficult to prove, for a domain in R 2 whose boundary is a simple closed rectifiable curve, that harmonic measure and H 1 measure have the same null sets. In § 4 it will be shown that the analog of this does not hold in R 3 . We give an example of a topological 2-sphere whose boundary has finite H 2 measure and has a tangent plane at each point, but for which H 2 measure is not absolutely continuous with respect to harmonic measure.
2* Preliminaries* Let Ω be a bounded open subset of R n and consider the Banach space C(dΩ), the space of continuous functions on the compact set dΩ with the norm given by s\ιp{\f(y)\:yedΩ} 9 feC(dΩ).
For each xeΩ, let X x : C(dΩ) -> R 1 be the bounded linear functional defined by λ x (/) = u f (x) , where u f is the harmonic function corresponding to the boundary values /. Hence, there is a unit measure μ x on dΩ called harmonic measure, such that 
If v(B, x) < co, then the following is meaningful:
In the event E is a domain with smooth boundary, then v(dE, x) can be regarded as the area of the radial projection and s(dE, x) reduces to the notion of the solid angle. By means of the Gauss-Green Theorem as given in (1), it can be easily verified that in case E is a bounded open set with finite perimeter, then
Where ω n _ x is the H n~ι measure of the unit sphere in R n . Sets for which v(dE y x) is a bounded function were investigated by Krai, [7] , for the purpose of giving a geometric meaning to the normal derivative (taken in the sense of distributions) of the Newtonian potential.
3* Domains with boundaries having finite variation* Let Ω c R n be an open, bounded, connected set, with d(int Ω) = d(R n -Glos Ω) and let p e Ω. Then the Green's function for Ω can be written as
where Δ is the Laplacian taken in the sense of distributions. On the other hand, if Ω k is a sequence of domains with smooth boundaries invading Ω, we have
whenever p $ sptφ. If h is a harmonic function in Ω whose gradient is integrable over Ω, then the generalized normal derivative (using the exterior normal) of h is defined by
We shall take the generalized normal derivative of the right side of (2) .
First, it is elementary that
I 2/ -
and as p e β, N(I 2 *δ(p)) is a measure. Now in order to consider N(I 2 *μ P ) we impose the additional hypothesis (4) \v (dΩ,y) 
Recall that this condition is independent of p. For any y e dΩ, observe that
Also, an application of Fubini's Theorem provides
In [7] , Krai investigated conditions under which N(I 2 *μ) is a measure whenever μ is a measure supported by dΩ. For this purpose he proved
Therefore, in particular, it follows from (4) and (5) that N{I 2 *μ p ) is a measure. In view of the fact that Ω is assumed to be of finite perimeter, it follows from the definition of the measure theoretic exterior normal that the Lebesgue ^-dimensional density of Ω is equal to 1/2 at IP" 1 almost all points of d*ίλ This allows us to conclude from [7, Lemma 3.2] that
whenever / is a bounded Baire function on dΩ. Thus, if Ea dΩ is a Borel set, it now follows from (6) that
From (3), (2), and (7) we obtaiñ Proof. We refer the reader to Chapters 3 and 4 of [4] for proofs of the following facts. The set 3*β is (H n~\ n -1) rectifiable and therefore, there is a countable number of class C 1 manifolds of dimension n -1, M if such that
Moreover, for H n~ι a.e. yed*Ω, the exterior normal to Ω at y is orthogonal to the tangent plane of some M t at y. Finally, for H*~ι a.e. yeE, (7) lim
for some M",. Here a(n -1) denotes the volume of the unit ball in R %~x and B{y, r) is the w-ball of radius r centered at y. Let F denote the complement in E of the union of the three H n~λ null sets just described. Now select y e F and ε > 0. Then y e M % for some i. For convenience, call M t = M, take 7/ = 0 € R n , and assume the tangent plane to M at 0 is R n~\ Let n denote the exterior normal at y = 0 and for points p on the interior normal at y = 0, write 2) -(0, v^), 0 e JB*" (7) (10) lim H n~ι {A p ) r p~n = 0 .
Furthermore, since A is a subset of a class C 1 manifold, there is a constant iΓ such that | y -p \ :> iΓr p whenever 2/ 6 A p and | p | is sufficiently small. The conclusion of the lemma now follows from (8), (9), and (10).
In the following theorem, a condition is given under which H n~ι restricted to 5*i2 is absolutely continuous with respect to harmonic measure. This condition is similar, although weaker, to the one introduced by Krai [7, §3] to determine the Fredholm radius of an operator associated with the classical double layer potential. Proof. Let EadΩ be a Borel set with μ P (E) = 0 and assume that H*-\EΓ[ 3*β) > 0. Let FaE be the set associated with E as given by Lemma 3.4, and select y o eF that satisfies the hypotheses of our theorem. Then, with every ε > 0, there is a positive number * < r(Vo) such that (11) v [B(y, t) . It is not difficult to modify the standard Osgood construction of C in such a way so as to produce a set, S 9 of points on C of positive H 2 measure such that every point of S cannot be joined to any point interior to C by a rectifiable curve. Now let g be function of class C 1 defined on the interior of C with the properties
x e interior C , and let
Since C is a closed arc, it follows that dΩ is a topological 2-sphere. Moreover, dΩ has a tangent plane at each of its points and H 2 (dΩ) < oo. On the other hand, S c Ω is a set of positive H 2 measure with the property that each of its points cannot be joined to any point of Ω by a rectifiable curve. Consequently, a result of Brelot and Choquet [1] states that the harmonic measure of S is zero.
In conclusion we would like to point out that there is no inclusion relationship between the class of smoothly bounded domains and the class of domains that satisfy the conditions of Theorem 3.5. However, if the normal of a smoothly bounded domain is locally Dini continuous, then Theorem 3.5 applies. We are indebted to Grant Welland for this observation.
To here N is a constant and x θ is some point on interval between x ϋ and x. Hence, if the modulus of continuity of | Vf |, α>, is required to satisfy then the conclusion obviously follows.
